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Introduction 

We work over the complex numbers field C. In the present survey, we report some recent 
progress on the study of varieties with mild singularities like log terminal singularities 
(which are just quotient singularities in the case of dimension 2; see [KMM]). Singularities 
appear naturally in many ways. The minimal model program developed by Mori et al 
shows that a minimal model will inevitably have some terminal singularities [KMo]. Also 
the degenerate fibres of a family of varieties will have some singularities. 

We first follow litaka's strategy to divide (singular) varieties Y according to the loga- 
rithmic Kodaira dimension k(F°) of the smooth locus oiY . One key result (2.3) says 
that for a relatively minimal log terminal surface Y we have either nef Ky or dominance 
of by an affine-ruled surface. It is conjectured to be true for any dimension [KMc]. 

In smooth projective surfaces of general type case, we have Miyaoka-Yau inequality 
c\ < 3c2 and Noether inequalities: Pg < (l/2)cf + 2, cj > (l/5)c2 - (36/5). Similar 
inequalities are given for in Section 4; these will give effective restriction on the region 
where non-complete algebraic surfaces of general type exist. 

In Kodaira dimension zero case, an interesting conjecture (3.12) (which is certainly 
true when Y is smooth projective by the classification theory) claims that for a relatively 
minimal and log terminal surface Y of Kodaira dimension k{Y'^) = 0, one has either tti (Y^) 
finite, or an etale cover Z'^ — > Y'^ where Z'^ is the complement of a finite set in an abelian 
surface Z . Some partial answers to (3.12) are given in Section 3. 

The topology of is also very interesting. We still do not know whether tti of the 
complement of a plane curve is always residually finite or not. Conjecture (2.4) proposed 
in [Z7] claims that the smooth locus of a log terminal Fano variety has finite topological 
fundamental group. This is confirmed when the dimension is two and now there are three 
proofs: [GZl, 2] (using Lcfschetz hyperplane section theorem and Van Kampen theorem), 
[KMc] (via rational connectivity), [FKL] (geometric). 
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The other interesting topic covered is the automorphism groups. Recent progress in K3 
surface case is treated in Section 5. For generic rational surface X of degree < 5, it is 
classically known that |Aut(X)| divides 5!. However, when F is a log terminal del Pczzo 
singular surface of Picard number 1, it is very often that Aut(F) contains Z/(j3) for all 
prime p> 5 (see [Z9] or (6.2)). 

Terminology and Notation 

(1) . For a variety V we denote by V° = F— Sing V the smooth locus. 

(2) . A (— n)-curve C on a smooth surface is a smooth rational curve with = —n. 

(3) . For a divisor D, we denote by #D the number of irreducible components of Supp D. 

(4) . For a variety V, the eiV) is the Euler number. 

Section 1. Preliminaries 

(1.1) . Let be a nonsingular variety and let V be a smooth completion of , i.e., V 
is nonsingular projective and D := V \ V^ \s & divisor with simple normal crossings. If 
H^{V,ni{Kv + D)) = for all m > 1, we define the Kodaira (logarithmic) dimension 
niy^) = — oo. Otherwise, \m{Kv + -0)1 gives rise to a rational map for some m and 
we define the Kodaira dimension k{V^) as the maximum of dim(iy9m(F°)). 

The Kodaira dimension of does not depend on the choice of the completion V [13, 
§11.2]. A1sok(V°) takes value in {-00,0,1,..., dim yO}. 
is of general type if K(y°) = dimy°. 

Pg{V^) = h^{V, Kv+D) is called the logarithmic geometric ^enws which does not depend 
on the choice of the completion V [ibid.]. 

(1.2) . 

(a) Let G C GL2{C) be a non-trivial finite group with no reflection elements. Then C^/G 
has a unique singularity at O (the image of the origin of the affine plane C^). A singularity 
Q of a normal surface y is a quotient singularity if locally the germ (V, Q) is analytically 
isomorphic to (C^/G, O) for some G. Quotient singularities arc classified in [Br, Satz 2.11]. 

(b) When dimK = 2, the Q in 1" is a quotient singularity if and only if it is a log terminal 
singularity [Ka2, Cor 1.9]. 

Q is a Du Val (or rational double^ or Dynkin type ADE, or canonical, or rational Goren- 
stein in other notation) singularity if G C SL2{C) (see [Du], [Rel]). 

In (1.3) - (1.6) below, we assume that y is a normal projective surface with at worst 
quotient singularities. 

(1.3) . Let / : y ^ y be the minimal resolution and D the exceptional divisor. We can 
write f*KY = Ky + D* where D* is an effective Q-divisor with support in D. Write 
D = with irreducible Di and D* = J27=i ^iDi. 
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Lemma. 

(1) Each Di is a (— ni)-curve for some rij > 2. 

(2) < di < 1. 

(3) di =Q holds if and only if the connected component of D containing Dj is contracted 
to a Du Val singularity on Y (i.e., f{Di) is a Du Val singularity). 

Proof. (2) follows from the fact that a quotient singularity is just a log terminal singu- 
larity [Ka2, Cor 1.9]. For (1) and (3), see [Br, Satz 2.11] and [Arl, Theorem 2.7]. 

(1.4) . Y \s & log del Pezzo surface if the anti-canonical divisor —Ky is Q-ample. F is a 
Gorenstein (log) del Pezzo surface if further Y has at worst Du Val singularities (see [Mi, 
Ch II, 5.1], [MZl]). 

A normal variety V is Fano if —Ky is Q-ample. 

A log del Pezzo surface is nothing but a log terminal Fano surface, and a Gorenstein del 
Pezzo surface is nothing but a canonical Fano surface. 

(1.5) . K is a log Enriques surface if the irregularity q(Y) = h^{Y, Oy) = and if mKy ~ 
(linear equivalence) for some positive integer m. The smallest m is called the index of Y 
and denoted by I{Y) [Z4, Part L Definition 1.1]. 

A log Enriques surface of index 1 is nothing but a K3 surface possibly with Du Val 
singularities. A non-rational log Enriques surface is of index 2 if and only if it is an 
Enriques surface possibly with Du Val singularities. The case of Y with a unique singularity 
is classified by Tsunoda [Ts, Proposition 2.2] (see also [Z4, Part I, Proposition 1.6]). 

Proposition. Let Y he a rational log Enriques surface with ^(SingY) = 1. Then I{Y) = 2 
and the unique singularity is of type (l/4n)(l, 2n — 1) for some n > 1. 

(1.6) . The surface Y is relatively minimal if for every curve C, we have either Ky.C > 
or > 0. 

Suppose that Y is not relatively minimal. Then there is a curve C such that Ky.C < 
and < 0. By [MTl, Lemma 1.7 (2)], we see that there is a contraction Y Z oi the 
curve C to a smooth or quotient singularity such that the Picard number p{Z) = p(Y) — 1. 
So every projective surface with at worst quotient singularities has a relatively minimal 
model. 

Y is strongly minimal if it is relatively minimal and if there is no curve C with < 
and C.Ky = [Mi, Ch II, (4.9)]. 

(1.7) . A smooth projective rational surface X is a Coble surface if | — Kx\ = while 
1 — 2Kx\ 7^ 0. A Coble surface is terminal if it is not the image of any birational but not 
biregular morphism of Coble surface. 

Coble surfaces are classified in [DZ]. Here is an example. Let Z he a rational elliptic 
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surface with a multiplicity-2 fibre Fq and a non-multiple fibre Fi of type /„ (see [CD] for 
classification of Z). Let X ^ Z he the blow up of all n intersection points in Fi. Then X 
is a terminal Coble surface. Coble surfaces and log Enriques surfaces are closely related. 

Proposition [DZ, Proposition 6.4]. 

(1) The minimal resolution X of a raMonal log Enriques surface Y of index 2 is a Coble 
surface with h'^{X, —2Kx) = 1 and the only member D in \ —2Kx \ is reduced and a disjoint 
union of Di, where Di is either a single {—'i)-curve or a linear chain with the dual graph 
below (each Di is contractible to a singularity of type (l/4ni)(l, 2ni — 1) with Ui = #Di): 

(-3) --(-2) (_2)--(-3). 

// we let Xte X be the blow up of all intersection points in D, then Xte is a terminal 
Coble surface with h°{Xte,—2KxtJ — 1 and the only member in \ — 2KxtJ is a disjoint 
union of n of {—4)-curves with n = ^ - n^. 

(2) Conversely, a terminal Coble surface X has a unique member D in \ — 2Kx\, and D 
is reduced and a disjoint union of {—4:)-curves. 

(1.8). A smooth affine surface S is a Q-homology plane if Hi{S, Q) = for all z > 0. Sim- 
ilarly we can define a Z-homology plane and Q-homology plane with quotient singularities. 
The following very important theorem is proved by Gurjar, Pradeep and Shastri in their 
papers [OS], [PS], [GPS] and GPr]. 

Theorem 1.9. A Q-homology plane with at worst quotient singularities is a rational 
surface. 

Theorem 1.10 [Mi, Theorem 4.10]. Let Y be a Q-homology plane. Let v be the number 
of topologically contractible curves in Y . Then we have: 

(1) Every topologically contractible curve is isomorphic to the affine line. 

(2) The Kodaira dimension k{Y^) = 2, 1 or 0, — oo if and only if v = 0, finite, oo, respec- 
tively. (Gurjar and Paramcswaran [GPa] have determined the number u when k{Y'^) = 0). 

(3) Suppose that Y is a homology plane. Then k(F°) = 2, 1, — oo if and only if v = Q, 1, oo, 
respectively (sec (3.17)). 

Section 2. Normal Algebraic Surfaces Y with 
Kodaira dimension k;(F°) = -oo and Fano varieties 

In this section we consider projective varieties with at worst log terminal singularities 
and Kodaira dimension n{Y^) = — oo, where Y''' = Y — SingF. 

The following result is a special case of [MTl, Theorem 2.11]. We will sketch a different 
and direct proof here by making use of [KMM] . 

Theorem 2.1. Let Y be a relatively minimal surface with at worst quotient singularities. 
Then one of the following occurs. 
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(1) The Kodaira dimension k{Y^) > and Ky is numerically effective. 

(2) K(y") = —00 and Ky is not numerically effective. To be precise, either 

(2a) F° is ruled, i.e. has a Zariski open set of the form x C with a curve C, or 
(2b) Y is a log del Pezzo surface of Picard number 1. 

Proof. We may assume that Ky is not nef. Then by [KMM, Theorems 4-2-1 and 3-2-1], 
there is an extremal ray R>o[C] with C a rational curve, and a corresponding morphism 
$ : y — > Z with connected fibres such that a curve E is mapped to a point by $ if and 
only if the class of E is in R>o[C]. 

Case dim Z = 2. Then Z has at worst log terminal singularities (= quotient singularities) 
by [KMM, Proposition 5-1-6]. This contradicts the relative minimality of Y. 

Case dimZ = 0. Then PicF is generated over Q by (7 and hence Picard number p{Y) = 1 
and C is Q-ample. Since Ky.C < 0, we have Ky = aC (numerically) with a < 0. So the 
case (2b) occurs. 

Case dimZ = 1. Then a general fibre F of <I> is P^ because = and Ky.F < (pull 
back to Y and use genus formula). Clearly the case (2a) occurs. This proves the theorem. 

Theorem 2.2 ([KMc, Cor. 1.6], [Mi, Ch II, Theorems 2.1 and 2.17]). 

Let Y be a log del Pezzo surface. Then there is a dominant morphism X'^ Y'^ such that 
X° is an affine-ruled surface (i.e., X° contains a Zariski open set of the form x C for 
some curve C). 

When Y is Gorenstein, Theorem 2.2 was proved in [Z2, Theorem 3.6]; the general case of 
Theorem 2.2 was proved in a lengthy book [KMc, Cor 1.6]; Theorems 2.1 and 2.2 together 
give the proof of the following result, which is the quotient surface case of Miyanishi 
Conjecture. 

Theorem 2.3. Let Y be a projective surface with at worst quotient singularities. Suppose 
that Y is relatively minimal. Then the following are equivalent. 

(1) Ky is not nef. 

(2) k{Y°) = -00. 

(3) There is a dominant morphism X° y° such that X° is an affine-ruled surface. 

Proof. The equivalence of (1) and (2) is proved in [MTl, Theorem 2.11]. (2) implies (3) 
by Theorems 2.1 and 2.2. Assume (3). Now k(A") = — oo is clear by considering a ruled 
surface as a completion of with the boundary equal to the union of a section (or empty 
set) and a few fibre components. Since k{X^) > n(Y^), (2) follows. 

Now we turn to the topology of smooth locus of a variety. We proposed the following 
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in [Z7]. 



Conjecture 2.4. Let V be a Fano variety with at worst log terminal singularities. Then 
the topological fundamental group 7ri(y°) is finite. 

The affirmative answer to (2.4) would imply the following which was conjectured in [KZ] 
and is now a theorem of S. Takayama [Ta]. Indeed, (2.4) would imply that i^i{V) is finite 
and we let U ^ V be the universal cover. Then xi^u) = nxiOy), where n = \'Ki{V)\. 
The Kawamata-Vichweg vanishing implies that xi'^x) = h^{X, Ox) (= 1) for both X = U 
and V. Hence n = 1. 

Theorem 2.5. Let V be a Fano variety with at worst log terminal singularities. Then 
MV) = {1). 

The result (2.5) would also follow from the following conjecture which is still open for 
dimension 4 or higher. It is proved in 3-fold case by [Ca] and [KoMiMo]. Recently, Graber, 
Harris and Starr [GHS] have proved that any complex algebraic variety having a fibration 
with rationally connected general fibres and image (or base), is again rationally connected. 

Conjecture 2.6. Let V be a Fano variety with log terminal singularities. Then V is 
rationally connected, i.e., any two general points are connected by an irreducible rational 
curve. 

Partial answers to (2.4) are given in (2.7) (2.10). 

(2.7). When dimension is 2, Conjecture 2.4 was proved in affirmative by [GZl, 2]; for a 
differential geometric proof, see [FKL]. In [KMc, Cor 1.6], it was proved that for a log del 
Pezzo surface Y, the F° is rationally connected and hence has finite 7ri(F°) (see [Ca] and 
[KoMiMo]). 

Theorem 2.8 [Z7, Theorem 2]. 

Conjecture 2.4 is true if one of the following occurs. 

(1) dimV < 2. 

(2) The Fano index r{V) > dimV" — 2. 

(3) V has only isolated singularities and r{V) — dim — 2 = 1. 
Theorem 2.9 [Z7, Theorem 2]. 

Let V be a Fano variety of Fano index r{V) > dim V — 2 and with at worst canonical 
singularities. Then -KiiV^) is abelian of order < 9. 

Theorem 2.10 [Z7, Theorems 1 and 2]. 

Let V be a Fano variety. Then Tri{V^) = (1) if one of the following occurs: 
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(1) The Fano index r{V) > dimV - 1. 

(2) dim V = 3 and V has only Gorenstein isolated singularities. 

(2.11). The following gives a concrete upper bound for tti{V°) in certain case. A relation 
m{Kv + i?) ~ in the theorem below occurs when V has Fano index 1 and Cartier index 
m. It is conjectured that m = 1, 2. To prove the theorem below, wc show first that there 
is a natural surjective map 7ri(if°) — > Tri{V°) and also use the fact that H is Du Val K3 
or Enriques. Now the theorem follows from the results on H in [KZ, Theorems 1 and 2]. 
For each of the three exceptional cases of (p, c) below, we note that there is a Du Val K3 
or Enriques surface Y with SingF = cAp-i and 7ri(F°) infinity [ibid.]. 

Theorem [KZ, Theorem 3]. 

Let p be a prime number. Let V be a log terminal Fano 3-fold with a Cartier divisor H 
such that m{Kv + H) ^ (linear equivalence) for m = 1 or 2. Suppose that a member H 
of\H\ is irreducible normal and has c singularities of type Ap-i and no other singularities. 
Then 7ri(y°) is soluble; and if {p,c) ^ (2, 8), (2, 16), (3, 9), then |7ri(y°)| < 2p^ for some 
k<4. 

Remark 2.12. 

(1) In (2.4) if we replace "log terminal" by "log canonical", then (2.4) has counter- 
examples; more precisely, if V is a normal Fano surface with at worst rational log canonical 
singularities, then 7ri(y'^) contains a finite-index abelian subgroup of rank k {k = 0, 2) [Z8, 
Theorem 2.3]. 

(2) In (2.9), the upper bound is optimum [MZl, Lemma 6]; also "canonical" can not be 
replaced by "log terminal" [Z3, Appendix]. 

(2.13) . In [Kj2], log del Pezzo surfaces with a unique singularity are classified (including 

the existence part). The classification of log del Pezzo surface of Cartier index < 2 were 
announced in [AN]. In [Kj4], Kojima classified Picard number 1 log del Pezzo surfaces Y 
of index 2, in a way different from [AN]: there are exactly 18 types of SingF and the 
T^iiY^) < 8; the 7ri(y'') = (1) holds if and only if Y contains the affine plane as a Zariski 
open set. 

(2.14) . In [Ni3], the Picard number p{Y) of the minimal resolution F of a log del Pezzo 
surface Y is bounded from above in terms of the maximum of multiplicities of Y. 

Section 3. Normal algebraic surfaces Y with Kodaira dimension k{Y^) = 

In this section we consider projective surfaces Y with at worst quotient singularities and 
Kodaira dimension k{Y^) = 0, where Y^ = Y— Sing Y. 

Theorem 3.1 ([Kal, Theorem 2.2], [Mi, Ch II, 6.1.3]). 
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Let Y be a projective surface with at worst quotient singularities. Then the following are 
equivalent: 

(1) Y is relatively minimal with Kodaira dimension k{Y^) = 0. 

(2) There is a positive integer m such that tuKy ~ (linear equivalence). 

(3.2). The smallest positive integer m with mKy ^ is called the index of Y and denoted 
by / = I{Y). 

Proposotion 3.3. Let Y be a projective surface with at worst quotient singularities and 
LKy ^ , where L > is the index of Y. Suppose that Y is irrational. Then one of the 
following occurs. 

(1) Y is a (smooth) abelian surface (1=1) or a hyperelliptic surface (I = 2,3,4,6/ 

(2) Y has at worst Du Val singularities. The minimal resolution ofY is either a K3 surface 
(1=1) or an Enriques surface (L = 2). 

Proof In notation of (1.3), we have /(/sTp+D*) ~ 0. So k{Y) < 0. If ) = 0, Then (3.3) 
follows from the classification of smooth surfaces. If k{Y) = — oo, then Y is an irrational 
ruled surface over a base curve of genus > 1. However, Ky + D* ={) (numerically) implies 
that D* contains some horizontal components (this can be seen by going to a relative 
minimal model of Y) which dominates the base curve and hence is irrational, contradicting 
the fact that D consists of rational curves only (1.3). So k{Y) = —oo is impossible. This 
proves the proposition. 

In view of (3.3), to classify those Y with at worst quotient singularities and k{Y^) = 0, 
we need only to consider rational surfaces Y with mKy ^ for some integer m > 2 (see 
(1.5)). These are precisely rational log Enriques surfaces (1.5). 

(3.4). Let F be a rational log Enriques surface. Then the index 7 = I{Y) > 2. Since 
IKy ~ 0, there is a canonical Z/(/)-Galois cover -k : X = Spec (BjZo ^i—jKy) Y 
which is unramified over (Y \ {non-Du Val singularities}) 3 y° and satisfies Kx ~ 0. 
Therefore, either X is a (smooth) abelian surface or a K3 surface possibly with some Du 
Val singularities. 

Recently, Suzuki [Su] has proved Morrison's cone conjecture for rational log Enriques 
surfaces Y : there is a finite rational polyhedral cone which is a fundamental domain for 
the action of Aut(y) on the rational convex hull of its ample cone. 

Theorem 3.5. Suppose that Y is a rational log Enriques surface of index I and that the 
canonical Z/{I)-cover X ofY is an abelian surface. Then we have: 

(1) / = 3 or 5. If I = 3, then Sing Y consists of 9 singularities of type (1/3)(1,1); if 
1 = 5, then Sing Y consists of 5 singularities of type (1/5)(1,2); see [Rel] for notation. 

(2) For each I = 3,5, there is a unique log Enriques surface Yj with Xj abelain and 
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I{Yi) = I. To be precise, Yj = Xi/{gi), where X3 = E^;^ x E,;^ with E^^ = C/(Z + ZC3) an 
elhptic curve of period ^3 = exp(27rv'— 1/3), ga = diag(C3, Ca), is the Jacobian surface of 
the genus-2 curve : y"^ = — 1, and 55 in Aut(X5) is induced by the curve automorphism 
: {x,y) {C5X,y) (see [Bl, Example 1.2], [Su, Proposition 1.2] and [Z4, Example 4.2]). 

Proof. (1) is proved in [Z4, Theorem 4.1]. (2) is proved in [Bl, Su]. 

Theorem 3.6. Let Y be a log Enriques surface of index I. Then I <21. 

Remark 3.7. 

(1) It is easy to see that the Euler function (p(/) < 21 and hence J < 66 [Z4, Part I, Lemma 
2.3]. In [Bl, Theorem C], it is proved that / < 21. 

(2) Examples of Y with prime I{Y) are constructed in [Z4, Example 5.3-5.8; Part II, 
Example 7.3] and [Bl, Example 4.1]. 

(3.8). A log Enriques surface Y is maximum if any birational morphism Y ^ Z to 
another log Enriques surface is an isomorphism. By [Z4, Part II, Theorem 2.11'], for every 
log Enriques surface Y of prime index, there is a unique maximum log Enriques surface 
Ymax with I{Ym,ax) = ^O^) and a birational morphism Y^ax Y', each singularity (if 
exists) of the canonical cover of Y„iax is of type Ai . 

The surface Y{Aig) in the assertion(3) below is not isomorphic to the unique (modulo 
projective transformation) quartic K3 surface in with a Dynkin type Aiq singularity; 
neither can Y{Dig) be embedded in [KN]. The Y{Dig) is constructed in two different 
ways in [Z4, Example 6.11: the V] and [OZl, Example 1], and Y{Aig) in [Z4, Example 
3.2 : the V^] and [OZl, Example 2]. The uniqueness problem of Y{Diq) was initiated by 
[Re2, Round 3, Example 6]. 

Theorem [0Z4, Corollary 4; 0Z3, Corollary in §1; OZl, Theorems 1 and 2]. 

(1) For each I = 13, 17, 19, there is a unique maximum log Enriques surface Y with I{Y) — 
I. 

(2) All maximum log Enriques surfaces of index 11 form a family of dimension 1 and are 
all given in [0Z3, §1, Corollary]. 

(3) For each D in {Dig,Aig}, there is a unique rational log Enriques surface Y{D) whose 
canonical cover has a singularity of Dynkin type D. The index I{Y) equals 3 (resp. 2) 
whenY equals Y{Dig) (resp. Y{Aig)). 

Next we will investigate the behaviour of 7ri(Y'°) and propose a conjecture (3.12) gen- 
eralizing the one in [CKO]. Note that Z/(/) is the image of 7ri(F°) by a homomorphism. 

Theorem 3.9 [Z4, Part II, Theorem 2.11', Cor 1]. Let Y be a maximum log Enriques 
surface of odd prime index L. Let X ^ Y be the canonical Z/ {I)-cover. Then we have: 
(1) X has at worst type A\ singularities and #(SingX) < 6. 
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(2) 7ri(yO) = Z/(/). 



Proof. (1) is proved in [Z4. Part II, Cor. 1]. For (2), wc have only to show that 7ri(X") = (1) 
because the inverse of Y° via the canonical map X ^ Y (unramified over is with 
a few smooth points removed (the removal of smooth points in a complex surface does not 
change tti). Since #(SingX) < 6 by (1), we have Tri{X°) = (1) [KZ, Theorem 1]. This 
proves the theorem. 

Theorem 3.10 [SZ, Proposition 4.1, Theorem 4.3, Cor 4.4] 

(1) Suppose that "wf^X^) = (1) = (1) for all Du Val K3 surfaces X" holds 
(X satisfies this condition if (*) in (2) holds for X ). Let Y he a log Enriques surface of 
index I . Then either tti is finite or there is a finite morphism Z ^ Y from an abelian 
surface which is unramified over F°. In particular, 7ri(Y'°) contains a finite-index abelian 
subgroup of rank k (k = 0,4:). 

(2) Let X ^ Y be the canonical cover of a log Enriques surface of index I , let X ^ X 
be the minimal resolution and D — Di the exceptional divisor. Then 7ri(y°) = 'Zi/{I) if 
the lattice T = Z[UDi] is primitive in H^{X,Z) and satisfies: 

(*) r = rank(r) < 18 and the discriminant group F^/F is generated by k elements with 
k < min{r, 20 — r}. 

Proof. Let X — > y be the canonical Z/(/)-cover. Now the conclusion in (3.10) (1) with 

Y replaced by X holds by [SZ, Proposition 4.1]. So (1) is true for X ^ Y is unramified 
over Y°. For (2), [SZ, Theorem 4.3] implies tti{X°) = (1). So (2) is true. This proves the 
theorem. 

There is a concrete upper bound of wi{Y^) for certain Y. 

Theorem 3.11 [GZ3, Theorem 1]. Let Y be a rational log Enriques surface of index 2. 
Assume that Y has no Du Val singularities. Then 7ri(y°) is a soluble group of order n\n2 
with Ui < 16. 

The results (3.9) ~ (3.11) support the following which is just the conjecture in [CKO] 
when y is a Du Val K3 surface, i.e., when I{Y) = 1 and q{Y) = 0. 

Conjecture 3.12. Let Y be a log Enriques surface. Then the universal cover U of F° is 
a big open set (= the complement of a discrete subset) of either a Du Val K3 surface or 
o/C^; in the latter case, U Y'^ factors through a finite etale cover Y°, where Z^ 

is a big open set of an abelian surface Z . 

(3.13). Since the canonical cover X ^ F of a log Enriques surface is unramified over 
we have 7ri(y°)/7ri(X°) = Z/(/). So (3.12) is, in most cases, reduced to the problem of 
7ri(X0) for a Du Val K3 surface X (see (3.5)). We have the following: 

10 



Theorem [KZ, Theorems 1 and 2]. Conjecture 3.12 is true ifY is a Du Val K2> or Enriques 
surface and has several singularities of type Ap-i and no other singularities; here p is a 
prime number. 

(3.14) . The following results contributes towards an answer in affirmative to (3.12). 
These are just applications of [CKO, Theorems A and B] to the canonical cover X of 
Y. Also the upper bound #£> < 15 is an optimum condition for 7ri(X°) to be finite by 
considering Kummer surfaces. 

Theorem. (1) Let Y he a log Enriques surface with an elliptic fihration. Then either 
7ri(y°) is finite or there is a finite cover of Z ^ Y from an abelian surface which is 
unramified over 

(2) Let Y he a log Enriques surface, X ^ Y the canonical cover and X X the minimal 
resolution with D the exceptional divisor. Suppose that < 15. Then 7ri(y°) is finite. 

(3.15) . In [Oh], pairs {S, A) of normal surface S and a Q-divisor A satisfying Ks + A = 
(numerically) are considered. These pairs appear naturally as degenerate fibres in log 
degeneration; for many interesting cases, he completed the classification of these pairs. 

(3.16) . In [Kjl, Theorem 0.1], strongly minimal smooth affine surface S with k{S) = 
is classified and its invariants are classified {strongly minimal means almost minimal and 
having no exceptional curve of the second kind [Mi, Ch II, (4.9)]). In particular, the 
minimal m > with log pluri-genus Pm{S) > 0, the log irregularity q{S) and the Euler 
number e{S) satisfy the following (7ri(S') is also calculated there, which is generated by at 
most two elements): 

m|6, g(5)e {0,1,2}, e(5) e {0, 1, 2, 3, 4}. 



(3.17) . In [Fu, §8], all Q-homology planes of Kodaira dimension are classified. It was 
also proved there that there is no Z-homology plane S of Kodaira dimension k{S) = 0. 
The paper [Fu] is very important and also essentially used in [Kjl]. 

(3.18) . litaka [12] conjectured that an affine normal variety S is isomorphic to (C*)" if 
and only if n{S) = and q{S) = dim 5. In the same paper, he himself proved it when 
dim5 = 2. 

According to [II], a (possibly open) surface S is logarithmic K2> if the logarithmic in- 
variants satisfy : q{S) = 0, Pg{S) = 1, k{S) = 0. In [II] log K3 surfaces were classified. 
In [Zl], one defines the litaka surface as a pair {V,A + N) of smooth projective rational 
surface V and reduced divisor A + N with A + Ky ~ and N contractible to Du Val 
singularities, and the classification of such pairs were done there. 
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(3.19). In [Kj3], Kojima studies complements S of reduced plane curves with k,{S) = 0; 
in particular he proves that the logarithmic geometric genus Pg{S) = 1. 

Section 4. Normal algebraic surfaces Y with Kodaira dimension = 1,2 

In this section we consider projective surface Y with at worst quotient singularities and 
K(yO) = 1,2. 

(4.1) . We first consider the case k,{Y") = 1. The following is a consequence of [Kal, 
Theorem 2.3] or [Mi, Ch II, Theorem 6.1.4]. Indeed, in our case, the boundary divisor D* 
is fractional and contains no effective integral divisor (1.3). 

Theorem. Let Y be a projective surface with at worst quotient singularities. Suppose that 

Y is relatively minimal and k{Y'^) = 1. 

Then there is a positive integer m such that mKy is Cartier and the linear system ImKyl 
is composed with an irreducible pencil A without base points. Each general member of A is 
a smooth elliptic curve. So there is an elliptic fibration Y ^ B. 

(4.2) . Let Y be a projective surface with at worst quotient singularities. Suppose that 

Y is relatively minimal and niY^) = 2. Then Ky is ncf and big. By [KMM, Theorem 
3-1-1], jmifyj is base point free for m sufficiently divisible, and hence defines a birational 
morphism ip :Y ^ Z. This (p is nothing but the contraction of all curves on Y having zero 
intersection with Ky. Then Z has at worst log canonical singularities ([Kal, Theorem 2.9], 
[Mi, Ch II, Theorem 4.12]). Denote by LC the set of points on Z which is log canonical but 
not log terminal (i.e., not of quotient singularity). Then we have the following Miyaoka-Yau 
type inequality proved by [Kbl, 2] and [KNSj. 

Theorem 4.3. Let Y be a projective surface with at worst quotient singularities. Suppose 

that Y is relatively minimal and k{Y'^) ~ 2. Then we have the following, where P runs 
over all quotient singularities of Z and Gp is the local fundamental group at P 




(4.4). For smooth and minimal surfaces X of general type, we have Noether inequalities 

Pg{X) < (l/2)ci(X)2 + 2, c,{Xf > ic2(X) - ^. 
For singular surfaces, we have: 



Theorem [TZ, Theorems 1.3 and 2.10]. 
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Let Y he a projective surface with at worst quotient singularities and niY^) = 2. Then the 
logarithmic geometric genus Pg{Y°) satisfies the optimum upper bound: 



Pg{Y°)<K^+3. 

(4.5). For smooth projective surface X of general type, the famous Miyaoka-Yau inequahty 
asserts that ci{X)^ < 3c2{X). 

Consider log surface {V, D) with V a smooth projective surface and D a reduced divisor 
with simply normal crossings. Set cf = {Ky + -D)^ and C2 = C2{V) — e{D). Sakai [Sa] 
proved that 

c\ < 3C2 

provided that D is semi-stable and niV \D) = 2. The following is a lower bound of cf 

in terms of C2 . These two inequalities together give effective restrictions on the region for 
non-complete algebraic surfaces V\D oi general type to exist. In the following, (V, D) is 
minimal if Ky + -D is nef and there is no (— l)-curve E with E.{Kv + D) = {). 

Theorem [Z5, Cor. to Theorem C, Theorem D]. Let {V,D) be a log surface with D ^ 0. 
Assume that {V,D) is minimal and k{V \D) = 2. Assume further that k{V) > 0. Then 
we have 
(1) 

n 1 8 

(2) Suppose that Pg{V \ D) > 3 and \Kv + D\ is not composed with a pencil. Then 

Cl > -C2 - 2. 

Section 5. Automorphisms of algebraic surfaces - smooth surface case 

(5.1). We mention some background of Aut(X) where X is a smooth projective rational 
surface. Aut{X) had been studied by S. Kantor more than one hundred years ago [Kt]. It 
was continued by Segre, Manin, Iskovskih, Gizatullin and many others [Se], [Mai, 2], [Is], 
[Gi]. See also [Hoi], [Ho2]. In [DO], the group of automorphisms of any general del Pezzo 
surface is described and it turns out that its discrete part is equal to the kernel of the 
Cremona representation on the moduli space of n points in P^. Very recently, de Fernex 
[dF] constructed all the Cremona transformations of of prime order, where he employed 
the methods different from those used by Dolgachev and Zhang in [ZD] . 
In [ZD], minimal pairs {X, G) with prime order p = |G| was considered. In particular, using 
the recent Mori theory, it was shown there that if the G-invariant sublattice of Pic X has 
rank 1 then p < 5 unless X = P^ ; the short and precise classification of these pairs, modulo 
equivariant isomorphism, was also given there. 
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Generic Enriques surfaces have infinitely many automorphisms. Those Enriqucs surfaces 
with finite automorphisms have been classified by S. Kondo ([Kon4], see also [Ni2]); there 
are seven families of such Enriqucs surfaces. It follows that K3 covers of Enriques surfaces 
all have infinite automorphism groups. 

For K3 surfaces, much progress on their automorphism groups has been done by Kondo, 
Keum, Dolgachev, Oguiso, and Zhang ([Konl, 2, 3], [Kel, 3], [KK], [DK], [OZl, 3, 4, 5]). 

It is known that minimal surfaces of general type has only finite automorphism groups. 
It was Xiao [Xil] who gave a proof of the existence of a bound for the order of the auto- 
mophism group, which is linear in the Euler number of the surface. For curves C of genus 
> 2, a classical theorem of Hurwitz gave a sharp bound I Aut(C) I < d,A{g{C)—l) = — 42e(C). 

Theorem [Xi2, Theorem 2]. Let X he a minimal surface of general type. Then |Aut(X)| < 
(A:2KxY , with equality if and only if X = (C x C)/N , where C is a curve with |Aut(C)| = 
84(5(C) — 1), a normal subgroup o/ Aut(C x C) acting freely on C x C and preserving 
the two projections of C x C. 

(5.2) . In [ZD], pairs {X, G) of a smooth rational projective surface X and a finite group 
of automorphisms are considered. A pair is minimal if every G-equivariant birational 
morphism to another pair {Z, G) is an isomorphism. 

Theorem [ZD, Therorem 1]. Let {X,iJ,p) be a minimal pair with p a prime number. 

(1) If the invariant sub-lattice (PicX)^p has rank at least 2, then X is a Hirzebruch surface 
and the pair {X,iJLp) is birationally equivalent to a pair (P^,/Ltp). 

(2) // (PicX)^p has rank 1, then the pairs are classified in [ZD,Theoreml]; in particular, 
we have p < 5 unless X = P^. 

(5.3) . Let X be a K3 surface. The following are well known (cf. [BPV]). 

(1) H^fi{X) = Cujx, 

where ujx is a nowhere vanishing global holomorphic 2-form on X. 

(2) H^{X, Z) is an even unimodular lattice of signature (3,19) with the cup product, so we 
have an isomorphism 

H^{X, Z)^U(BU(BU(B Es{-1) © Es{-1), 

where U (resp. Es) is the even unimodular lattice of signature (1,1) (rcsp. (8,0)). 

(3) Pic (AT) is isomorphic to the Neron-Severi group NS{X), and hence can be viewed 
as a sublattice of H'^{X,Z). The rank of Pic (A"), called the Picard number of X, is 
denoted by p{X). This number can take the value 0, 1, 20. The lattice Pic (A) 
is hyperbolic (=Lorentzian) if A is projective, and is semi-negative definite or negative 
definite if X is not projective. 
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(4) Recall that all K3 surfaces are Kahler [Siu], so Hodge decomposition holds for them. 

(5) Let 

C{X) c H^'\X,-R) := H^'\X)nH'^{X,IL) 

denote the Kahler cone of X, the set of all classes of symplcctic forms of Kahler- Einstein 
metrics on X. In K3 surface case, C{X) can be numerically characterized as follows: 

C{X) = {u € //"^'^(XjR) : > 0, > for all smooth rational curves R} 

For a compact Kahler manifold, Nakai-Moishezon type criterion, i.e. the characterization 
of the Kahler cone, is highly non- trivial (see [DP]). 

(6) Let r be an element of Pic {X) with (r, r) = -2d (rf > 0), and (r, Pic {X)) c dZ. Then 

X ^ X + {x, r)r/d 

defines an isometry of Pic {X), called a (— 2(i)-reflcction. 

Let W{Vic{X)) (resp.VK(Pic(X))(2)) be the subgroup of the orthogonal group O (Pic (X)) 
generated by all reflections (resp. all (— 2)-reflections). These are normal subgroups of 
0(Pic(X)) and, by linearity, acts naturally on H^'^{X,'R). The set 

{io e H^'^{X,IC) : {uj,uj) > 

has two components, each a cone over a 19-dimensional hyperbolic manifold with con- 
stant curvature. C{X) is contained in one of the two components, and the action of 
M^(Pic (X))(^) on this component has C{X) as its fundamental domain. 

(7) If X is projective, the ample cone 

D{X) := C{X) n Pic {X) ® R 

is non-empty and can be numerically characterized as 

D[X) = {cj g Pic {X) (g) R : (w, w) > 0, (w, R) > for all smooth rational curves R}. 
The group W^(Pic (X))(^) acts on the component P+{X) of 

{u> e Pic (X) R : {oj, uj) > 0} 

containing D{X), and has D{X) as its fundairiontal domain. 

Note that 0(Pic {X)) acts on P_|_(X) and is a semi-direct product of the normal subgroup 
W^(Pic (X))(^) and the symmetry group SymD{X) of the cone D[X), i.e. 

0(Pic(X))/W(Pic(X))(2) ^ SymD{X). 
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(5.4) . The Torelli theorem asserts that a K3 surface is determined up to isomorphism by 
its Hodge structure. More precisely we have: 

Theorem ([PSS],[BR]). Let X and Y be K3 surfaces, and let 

(j) : H'^iX, Z) ^ ij2(y,Z) 

be an isometry. Extend (p to H^{X, C) or to H'^{X, R) hy tensoring with C or R. Then : 

(1) IJ (j) sends H'^'°{X) to H'^'°{Y), then X and Y are isomorphic. 

(2) If (j) also sends C{X) to C{Y), then cf) = f* for a unique isomorphism f -.Y ^ X. 

(5.5) . Let X be a projective K3 surface. Torelh theorem shows that there is a map 

Aut(X) ^ 0(Pic(X))/VF(Pic(X))(2) ^ SymD{X) 

which has finite kernel and cofinite image. So in practice, if we want to describe Aut(X), the 
main step is to calculate 0(Pic (X))/VK(Pic . This is in general a highly nontrivial 

arithmetic problem, if the group is infinite. There are 3 cases: 

(1) W{Pic is of finite index in 0(Pic (X)). 

(2) W(Pic(X))(2) is of infinite index in 0(Pic(X)), but W{Pic{X)) is of finite index in 
0(Pic {X)). (In this case, we call Pic {X) reflective.) 

(3) W^(Pic (X)) is of infinite index in 0(Pic (X)), i.e. Pic (X) is not refiective. 

Remark. The case (1) occurs if and only if Aut(X) is finite. If p{X) > 3, this occurs if 
and only if X contains at least one but finitely many smooth rational curves. If p(X) = 2, 
this occurs if and only if X contains a smooth rational curve or an irreducible curve of 
arithmetic genus 1, if and only if Pic (X) represents —2 or [PSS]. Nikulin [Nil, Ni4] and 
Vinberg classified all such lattices of rank > 3 belonging to the case (1). It follows from 
the classification that every algebraic Kummer surface has an infinite automorphism group 
(cf. [Ke2]). 

The classification of the Neron-Severi lattice is also utilized in [Ogl - Og3], where he 

has proved the density of the jumping loci of the Picard number of a hyperkahler manifold 
under small 1-dimensional deformation, where he reveals the structure of hierarchy among 
all the narrow Mordell-Weil lattices of Jacobian K3 surfaces. 

(5.6) . For finite groups which can act on a K3 surface, the following results are given by 
S. Mukai and S. Kondo. 

Theorem [Mu],[Kon2]. Let X be a K'3 surface and let G be a finite symplectic subgroup 
o/Aut(X), i.e. G acts trivially on H'^'°{X). Then G is isomorphic to a subgroup of the 
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Mathieu group M23, which has at least five orbits on a set of 24 elements. In particular, 
\G\ < 960. 



Theorem [Kon3]. The maximum order among all finite groups which can act on a K2> 
surface is 3840, and is uniquely realized by the group (Z/2Z)^ • • Z/4Z acting on the 
Kum,m,er surface Km{E^rri X E^^), where is the elliptic curve with \/— T as its 

fundamental period. 

Some projective K3 surfaces, including all algebraic Kummer surfaces and K3 covers of 
Enriques surfaces, have infinite automorphism groups. Given a projective K3 surface X 
with A\it{X) infinite, it is an interesting problem to determine a set of geometric generators 
of Aut(X). This problem has been settled for certain classes of K3 surfaces. These results 
are given in (5.7) - (5.10) below. 

(5.7). Two most algebraic K3 surfaces 

Vinberg[Vin] calculated Aut(X) for two K3 surface with transcendental lattice 















r 





respectively. In both cases, the full reflection group W{Pic{X)) is of finite index in 
0(Pic(X)). 

(5.8). generic Jacobian Kummer surfaces 

Let C be a smooth curve of genus 2. The Jacobian variety J(C) of C is an abelian 
surface with a natural involution r and the quotient variety J{C)/t has 16 singularities of 
type Ai. This surface can be embedded as a quartic surface F in with 16 nodes. The 
minimal resolution X of J{C)/t is called the Jacobian Kummer surface associated with C. 
We call X generic if the Neron-Severi group of J(C) is generated by the class of C. For X 
generic, the transcendental lattice T{X) can be computed as follows: 

T{X) = U{2) e U{2)® < -4 > . 

Note that Aut(X) is isomorphic to the birational automorphism group Bir{F) of the singu- 
lar quartic surface F . At the last century it was known that X has many involutions, that 
is, sixteen translations induced by those of J(C) by a 2-torsion point, sixteen projections of 
F from a node, sixteen correlations by means of the tangent plane collinear to a trope, and 
a switch defined by the dual map of F . In 1900, Hutchinson foimd another 60 involutions 
associated with Gopel tetrads. Since Hutchinson, for generic X no other automorphism 
had been provided until new 192 automorphisms were given in [Kel]. 

Theorem [Kel]. For a generic Jacobian Kummer surface, there are 192 new automor- 
phisms of infinite order which are not generated by classical involutions. 
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Theorem [Konl]. The automorphism group of a generic Jacobian Kummer surface is 
generated by the classical involutions and the 192 new automorphisms. 



Theorem [Ke3]. For F generic, all birational automorphisms of F are induced by Cremona 
transformations o/P^. 

(5.9). Kummer surfaces associated with the product of two elliptic curves 

The following four cases were considered. In each case, a set of generators of Aut{X) is 

given in [KK] . 

Case 1. X = Km,{E x F) where E and F are non-isogenus generic elliptic curves. 
Case II. X = Km(E x E) where E is an elliptic curve without complex multiplications. 

Case III. X = Km{E^ x E^^) where w is a 3rd root of unity and Er is the elliptic curve 
with T as its fundamental period. 
Case IV. X = Km{E^ x E^). 

The transcendental lattice T{X) can be computed as follows: 

( 1/(2)® [/(2), (Case I); 



T{X) 



C/(2)®<4>, (Case II); 
4 2\ 

(Case III); 



2 4 
4 
4 



(Case IV). 



Remeirk. In Case I the group W{Pic{X)) is of finite index in 0(Pic(X)) and in other 
cases not. 



(5.10). Quartic Hessian surfaces 

Let 5* : F{xo, xi, X2, 2:3) = be a nonsingular cubic surface in P^. Its Hessian surface is a 
quartic surface defined by the determinant of the matrix of second order partial derivatives 
of the polynomial F. When F is general enough, the quartic H is irreducible and has 10 
nodes. It contains also 10 lines which arc the intersection lines of five planes in general linear 
position. The union of these five planes is classically known as the Sylvester pentahedron 
of S. The equation of S can be written as the sum of cubes of some linear forms defining 
the five planes. A nonsingular model of i7 is a K3 surface H. Its Picard number p satisfies 
the inequality p > 16. Note that Aut(.H^) = Bir{H). In [DK] an explicit description of the 
group Bir{H) is given when S is general enough so that p = 16. In this general case, the 
transcendental lattice T{H) can be computed as follows: 



T{H) = U®U{2)®A2{-2). 
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Although H , in general, does not have any non- trivial automorphisms (because S does not), 
the group Bir{H) = Aut{H) is infinite. It is generated by the automorphisms defined by 
projections from the nodes of H, a birational involution which interchanges the nodes and 
the lines, and the inversion automorphisms of some elliptic pencils on H. 

This can be compared with the known structure of the group of automorphisms of the 
Jacobian Kummer surface (5.8). Indeed, the latter surface is birationally isomorphic to 
the Hessian H of & cubic surface [Hu] but the Picard number of H is equal to 17 instead 
of 16. 

(5.11) . Let us explain the method for computing the automorphism group of an algebraic 
K3 surface, which was first employed by S. Kondo for generic Jacobian Kummer surface 
case (5.8)[Konl]. The two cases (5.9) and (5.10) use this method, and even the first case 
(5.7) can also be calculated by the same method (See [Bor2]). 

Let X be an algebraic K3 surface with large Picard number, say p{X) > 3. Suppose 
that Aut{X) is infinite. Then the ample cone D{X) is not a (finite) polyhedral cone, i.e. 
has infinitely many faces. Hence, it is difficult to describe D{X) explicitly. Assume that 
one can find 

• a polyhedral cone D' in D{X), 

• a set of automorphisms {ga} of X whose action on D{X) has D' as a fundamental 
domain. 

Then, by (5.5), one can conclude that the automorphisms {ga} generate the whole group 
Aut(X), up to finite groups. In addition to {.9,,}, some symmetries of D' (not all elements 
of SymD' in general) may realize as automorphisms of X and some projectively linear 
automorphisms, if any, generate the kernel of the map in (5.5). 

Remark. In the above, ga corresponds to a face of D' orthogonal to a vector a, and 
acts on D{X) like a reflection, i.e. sends one of the half-spaces defined by a to the other 
half-space defined by a or to one of the two half-spaces corresponding to g~^. The second 
case actually occurs in generic Jacobian Kummer surface case (5.8). 

(5.12) . To find such a polyhedral cone D' C D{X), Kondo used the known structure of the 
orthogonal group of the even unimodular lattice //i,25 of signature (1,25). (Such a lattice 
is unique up to isomorphism and is isomorphic to A © J7, where A is the Leech lattice, i.e. 
the even unimodular negative definite lattice of rank 24 which contains no vectors of norm 
—2.) To be more precise, the following steps lead to the calculation of Aut(A). 

Step 1. Compute Pic(X). 

Step 2. Embed Pic {X) primitively into //i,25 = A ® {/ such that the projection of the 
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Weyl vector u; = (0, (0, 1)) G A © J7 onto Pic (X) ig) R must be an ample class. 



Conway [Co] described a fundamental domain D of the reflection group VK(//i.25)'-^-' 
in terms of the Leech roots (=roots with intersection number 1 with the Weyl vector w). 
More precisely, he showed that M^(//i,25)^^^ is generated by (— 2)-reflections corresponding 
to Leech roots. 

Step 3. The fundamental domain D of the reflection group (1/1,25)^^^ cuts out a finite 
polyhedral cone D' inside the ample cone D{X). In other words, 

D' = Dr\P+{X), 

where P+{X) is the positive component of {w e Pic (X) (g) R : {u),uj) > 0}. Indeed, D 
contains the Weyl vector w and, by Step 2, the projection of w is contained in D' . 

Determine the hyperplanes a which bound D' . The reason why D' is polyhedral comes 
from Borcherds [Borl]; among infinitely many faces of D, those intersecting P+{X) bound 
D', and these faces correspond to Leech roots having a non-zero projection onto Pic (X)0R. 

Step 4. Match the faces a of D' with automorphisms 5^ such that 5^ sends one of the 
half-spaces defined by a to the other half-space defined by a or to one of the two half-spaces 
corresponding to g~^. 

This allows one to prove that the automorphisms ga generate a group of symmetries of 
D{X), having D' as its fundamental domain. 

Step 5. Take care of SymD'. See if which symmetries of D' realize as automorphisms 
of X. Finally see if there are any projectively linear automorphisms, (which generate the 
kernel of the map in (5.5)). 

Remark. In the known cases (5.7) - (5.10). the embedding Pic (X) C A t/ is given 
in such a way that Pic {X) is the orthogonal complement of a root sublattice of A ® [/. 
For example, in case (5.7) the orthogonal complement of Pic (X) in A ® {/ is a primitive 
sublattice of rank 10 which contains a negative definite root lattice of type + Ai, which 
is of index 2. 

In practice. Step 4 seems most complicated. The automorphism ga works like a reflec- 
tion, but is not necessarily an involution. It may be of infinite order. At any rate, ga may 
be geometrically evident, or can be picked up from a list of already known automorphisms, 
or may be found by looking at extra structures of X, e.g. elliptic fibrations, double plane 
structures,..., etc. In worst eases, one has to find an (abstract) effective Hodge isometry of 
H^{X, Z) and then realize it geometrically. 

The reason why the beautiful combinatorics of the Leech lattice plays a role in the 
description of the automorphism groups of K3 surfaces is still unclear to us. We hope that 
the classification of all K3 surfaces whose Picard lattice is isomorphic to the orthogonal 
complement of a root sublattice of //i,25 will shed more light to this question. 
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Remark (5.13). The method (5.12) also works for some supersingular K3 surfaces. I. 
Dolgachev and S. Kondo [DoKo] have computed the automorphism group of a supersingular 

K3 surface in characteristic 2 whose Picard lattice is U ® Z?2o- (For supersingular K3 
surfaces Torelli type theorem holds, i.e. an automorphism of a supersingular K3 surface is 
determined by its action on the Picard lattice.) 

An even lattice L is reflective if its reflection group W{L) is of finite index in 0{L) (see 
(5.5)). The lattice U © £>20 is reflective as it is pointed out by Borcherds [Borl] and it 
is the only known example, up to scaling, of an even reflective hyperbolic lattice of rank 
22. The range of possible rank of an even reflective lattice of signature (l,r — l),r > 1, is 
given by Esselmann [Es]: it takes the same range 1, 2,..., 20, 22 as the Picard number of a 
K3 surface in positive characteristic. 

Section 6. Automorphisms of algebraic surfaces - singular surface case 

(6.1) . In [MM] and [MZ3], one considers pairs {V,G) of surface V and group G of auto- 
morphisms, where V may be singular and even non-complete. 

(6.2) . Let F be a Gorenstein del Pezzo singular surface of Picard number 1. In [Z9], one 
classifies all actions on Y by cyclic groups Z/(f)) of prime order p > 5. 

Theorem [Z9, Theorems A and C]. 

Let Y be a Gorenstein del Pezzo singular surface of Picard number 1 . Then we have: 

(1) Either |Aut(F)| = 2^3'' for some I < a + h <1, or Aut(F) D Z/(p) for every prime 
p> 5 and hence |Aut(y)| = oo. 

(2) |Aut(y)| is finite if and only if either SingF = Aj or Ky = 1 and | — Ky\ has at least 
three singular members. 

(3) Let p > 5 be a prime. Suppose that Y is not isomorphic to the quadric cone in P^. 
Then modulo equivariant isomorphism, there is either none, or only one, or exactly p + 1 
action(s) ofT^/iji) on Y . All actions are given in [Z%\. 

Remark 6.3. We like to compare (6.2) with known results for smooth del Pezzo surfaces. 

(1) If X is a generic rational surface with < 5, then |Aut(X)| divides 5! (see [DO], 
[Ki]) . 

(2) If X is a del Pezzo surface of degree 3, 4, then Aut(X) does not contains Z/(p) for any 
prime p> 7, and modulo equivariant isomorphism there is at most one non- trivial Z/(5) 
action on X [Hoi, 2]. 

(3) Let X be a rational projective surface with a non-trivial Z/(p)-action for some prime p 
such that the Z / (p)-invariant sublattice of Pic X is of rank 1 (this condition is automatic 
if the Picard number p{X) = 1). If X is smooth, then p < 5 unless X = [ZD, Theorem 

!]• 
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